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Global classical solution to 3D compressible 
magnetohydrodynamic equations with large initial 

data and vacuum 
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Abstract 

In this paper, we study the Cauchy problem of the isentropic compressible magneto- 
hydrodynamic equations in R 3 . When (7 — l) 5 ^ 2 > together with the ||.ffo||z,2, is suitably 
small, a result on the existence of global classical solutions is obtained. It should be pointed 
out that the initial energy Eq except the L 2 - norm of Hq can be large as 7 goes to 1, and 
that throughout the proof of the theorem in the present paper, we make no restriction 
upon the initial data (poj"«o). Our result improves the one established by Li-Xu-Zhang in 
where, with small initial engergy, the existence of classical solution was proved. 
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1 Introduction 


In this paper, we consider the following isentropic compressible magnetohydrodynamic 
equations in M 3 (refer, e.g., [Tl [25]): 

p t + di v(pu) = 0, 

(pu)t + di v(pu <g) u) + VP(p) = (V x H) x H + pAu + (p + A)Vdivtt, 

(l- 1 ) 

H t - V x (u x H) = -V x (i/V x if), 
divff = 0, a; € M 3 , f > 0, 

with the initial data 


(P: u : H)(x,0) = (po,Uo, Hq)(x), x <E M 3 , (1.2) 

and the far-field behavior 

(p, u, H ) —> (0,0,0) as |x| —y oo, for t > 0. (1.3) 

Here p = p(x,t), u = (u 1 ,u 2 ,u 3 )(x,t), P and H = (if 1 , H 2 , H 3 )(x, t) represent the density, 
velocity, pressure and magnetic field of the fluid respectively. More precisely, P is given by 

P(p) = Ap\ (1.4) 

where 7 is the adiabatic exponent, and A > 0 is a constant. Without loss of generality, we 
assumed that A = 1. The viscosity coefficients p and A satisfy 

p> 0, 3A + 2//>0. (1.5) 

The constant v > 0 is the resistivity coefficient which is inversely proportional to the electrical 
conductivity and acts as the magnetic diffusivity of magnetic fields. 

The magnetohydrodynamic (MHD) model is used to study the dynamics of conducting 
fluid under the effect of the magnetic held and finds its way in a huge range of physical 
objects, from liquid metals to cosmic plasmas, refer for example [H [T9l [28] [26] [31]. And 
for so, there have been a lot of literatures on the MHD system (11. 1 D - (1 1.5 1) . see for instance, 
m El El El HOI HU HU H5l HU HZl [2D [221 E31 Ell ESI [331 [3ll SHI HQ] and references therein. 
It should be noted that if H = 0, i.e., there is no electromagnetic effect, then (11.11) becomes 
the compressible Navier-Stokes equations, which has been widely studied, refer for example 
HI 0 [6] 0 jT2) [25j 30i, [35] [36l [37] and the references therein. The main difficulty in investigating 
the issues of well-posedness and dynamical behaviors of MHD system is caused by the strong 
coupling and interplay interaction between the fluid motion and the magnetic held. Now let’s 
recall briehy some results on the multi-dimensional compressible MHD system, especially the 
ones that are closely relative to our topic in the present paper. With large initial data, the 
local strong solutions to the compressible MHD equations were proved in [33] and mi for the 
case po > 0 and the case po > 0, respectively. When the initial data are small perturbations 
of a given constant state in H 3 -norm, Kawashima in [21] firstly established a result on the 
global existence of smooth solutions to the general electro-magneto-huid equations in M 2 . The 
global existence and time decay rate of smooth solutions to the linearized two-dimensional 
compressible MHD equations was studied by Umeda, Kawashima and Shizuta in [32]. Zhang 
and Zhao [40] proved the optimal decay estimates of classical solutions to the compressible 
MHD equations when the initial data are close to a nonvacuum equilibrium. For the case 
that the initial density is allowed to vanish and even has compact support, Li-Xu-Zhang [29] 
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established a result on the existence and large-time behavior of classical solution with regular 
initial data, which are of small energy but possibly large oscillations, and constant state as far 
held density which may contain vacuum. 

Before stating our main results, we firstly explain the notations and conventions used 
through this paper. 

Notations. 

(i) [ f=[ fdx , [ T f= f fdt. 

J R 3 J R 3 JO Jo 

(ii) For 1 < r < oo, denote the L r spaces and the standard Sobolev spaces as follows: 

' L r = L r (K 3 ), D k ’ r = {u £ Ll oc (R 3 )\V k u £ L r (R 3 )}, \\u\\ Dk ,r = \\u\\ L r, 

D 1 = D 1,2 , 


u(^)| 2 d^ < oo 




W k ' r = W k ' r ( R 3 ), H k = W 


k, 2 


( 1 . 6 ) 


(iii) G = (2/r + A)divu — P — - \H\ 2 is the so-called effective viscous flux, while ui = V x u 
is the vorticity. 

(iv) h = h t + u ■ V/i denotes the material derivatives. 

(v) E 0 = [ ( ^poNI 2 H- —rPo + 77 11 2 ) is the initial energy. 

Jr 3 V ^ 7 ~ 1 J J 

Now it is the place to state our main theorem. 

Theorem 1.1. Assume that the initial data (po,uo, Hq) satisfy 

7^Po\ u o\ 2 + ^ _ ^Po + r,\Ho £ L 1 1 0<Po 

(po,p(po)) £tf 2 nlF 2 ’ 9 , uoeD'nD 2 , 

' HoGHD'nD 2 , ||Vu 0 || 2 2 < Ml, \\H 0 \\ 2 Dl 

Jtfolli* <(7-l)®4> 

for given constants Mi > 0 (i = 1, 2), p > 1 and q £ (3, 6 ), and that the compatibility condition 
holds 

-pAu 0 - (A + /r)Vdivu 0 + VP(p 0 ) + ^V|J7 0 | 2 - Ho ■ Vi7 0 = P^g, (1.8) 

with g £ L 2 . In addition, we suppose that 

( 7 -l)^E 0 <l, 1 < 7 < -• (1.9) 

Then, there exists a unique global classical solution ( p , u, H ) in R 3 x [0, oo) satisfying 

0 < p{x,t) < 2p, x £ R 3 , t > 0, (1.10) 


< P , 

< M 2 , 
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and 


(p,P)eC([0,T}-H 2 nw 2 ’ <1 ), 
u € C([0, T]; D 1 n D 2 ) n L°°(t, T; Z) 3 n -D 3 ’ 9 ), 

< u t £ L^T;^ 1 flD 2 ) n ZZV, T; D 1 ), (1.11) 

H £ C{[0,T]-H 2 )nL°°(T,T-H 3 ), 

H t eC([0,T}-L 2 )nH\r,T-,L 2 ), 
for any 0 < r < T < oo, provided that 

( 7 -1)^4 <eA min {(_£_) , £5 ,f|. 

( 1 . 12 ) 

Here 


e 5 = min{e 4 , (QZZg) \ l} , 


£4 = min 



1 


(<7(p)( 7 -l)3tfj) 


£3 = min {£ 1 , £ 2 , 4 ( 73 (p)) 27 ,l}, 

£2 = min|£i, (4(7 i) _ ¥ + (4C' 2 ) _2 '| , 


£1 = min 


1, 


(4C(M 3 + K\ ) 






(1.13) 


Remark 1.1. We make no restriction on the initial data (pq,uq). In fact, it follows from 
(n> that Eq < Co(j — 1) 24 , then the upper bound of E 0 may go to 00 as 7 goes to 1, in spite 
that ||ZZo ||^2 is small. 

Remark 1.2. The solution obtained in Theorem o becomes a classical one away from the 
initial time. More precisely, we establish a result on the existence of a classical solution to 

1 i 

111. i|) -Z rO]) under the assumption that (7 — 1)6Z ? 0 2 and ||ZZo ||£2 are suitably small. Moreover, 
we care more about the case that 7 is near 1, so the assumption 1 < 7 < | is reasonable. 
Indeed, the initial energy except the E 2 -norm of Ho is allowed to be large when 7 is near 1. 
When the far-field density is vacuum, our result in Theorem 11.11 is a generalization of that in 
\29\j . It should be emphasized that for the case 7 is some fixed constant, Theorem 1 1. II is still 
applicable ( necessarily after some modification for the proof ). 

Remark 1.3. If we remove ||Vii||j 7 < Mi and ||VZZ || L 2 < M 2 in in Theorem \1.11 and 

assume instead that uq,Ho € H l3 {[3 £ (|,1]) with ||u||jj^ < M\ and ||ZZ||^ < M 2 for some 
Mi > 0 (i = 1,2), Theorem 11.11 will still hold, and the e in Theorem II. II will also depend on 
Mi instead of Mi correspondingly. This can be achieved by a similar way as in 

Remark 1.4. It should be noted that when the viscous coefficient p is taken to be suitable 
large, the initial energy except the L 2 - norm of Hq could also be large, which together with 

1 1 

the conclusion in Theorem 11.11 implies the fact that when (7 — l)&Efp 011 and 11ZZ^ollz . 2 are 
suitably small for some 07 > 0, the existence of classical solutions to (CuP-CQp could also 
be obtained. And this can be done by using a similar method as in m, which considered the 
compressible Navier-Stokes equations, we omit it for simplicity in the present paper. Moreover, 
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when H = 0, i.e., there is no electromagnetic effect, EIP reduces to the compressible Navier- 
Stokes equations. Roughly speaking, we generalize the result of 173] / to the compressible MHD 
equations. 

We now briefly make some comments on the analysis of the present paper. Note that the 
local existence and uniqueness of classical solutions to problem (11.lD - 01.5p can be proved by 
combining the arguments in mi with the higher order estimates in section 4 of [29]. Hence, to 
extend the classical solution globally in time, we just need some global a priori estimates on 
the smooth solution (p, u, H) in suitable regularity norms. Formally, the key to the proof is 
to get the time-independent upper bound of the density as well as the time-dependent higher 
norm estimates of (p, u, H). In this paper, the latter one follows in the same way as in [29] (see 
Lemmas 4.1-4.6), once the former one is achieved. To derived the upper bound of the density, 
on the one hand, we try to adapt some basic ideas in [Hum [29]. However, new difficulties 

i i 

arise in our analysis, since the smallness of (7 — 1)gEq does not result in the small initial 
energy. One the other hand, compared with compressible Navier-Stokes equations, the strong 
coupling and interplay interaction between the fluid motion and the magnetic field, such as 
V x (u x H) and (V x H ) x H, will bring out some new difficulties. 

Precisely, in [12! US] 111] the smallness of the initial energy was used to ensure the smallness 
of f Q f R3 |Vu| 2 and ||Po||l 2 > which play crucial role in the proof of the upper bound of density. 
Similar to [13111129], here we need to close the a priori estimates A\ and A 2 . Compared with 
mm, we not only need to handle the terms |Vu| 2 , |Vu| 3 , |Vu| 4 , P|Vu| 2 , |PVu| 2 , but the 
terms caused by V x {u x H) and (V x H) x H, like H ■ VP • u and V|P : • u. Adapting the 
idea developed in m , we need to derive the smallness of |Vu| 2 , but this is not trivial 
because of the lack of the smallness of ||Po||l 2 - The key observation to overcome this difficulty 

is as follows: Looking back to the basic energy Eq = f R3 ^pol^oi' + + 5I-P0I 2 ), the 

smallness of of 7 — 1 could remove the smallness restriction upon po and the term involving uq 
and po- But it has nothing to do with Hq. Moreover, For all terms in (11.11) . we can never see 
any term in which p is coupled with H. Hence we assume that ||Po||l 2 £ (7 — l)sPo is small, 
and then we succeed to derive some estimates on the smallness and boundedness of H and its 
derivatives with a key estimate Jq ||Vu||^ 2 - Similar to H3H8], we try to estimate A\ and A 2 
and achieve an inequality involving |Vu| 2 , |Vu| 3 , |Vu| 4 , P|Vu| 2 and |PVu| 2 . And then we 
handle all these terms one the right hand side of the inequality with two crucial boundedness 
estimate (see Lemma [3771) . Thus the upper bound of p is obtained by a standard method as 
in [I3II3I29], together with some new estimate (see (13.1191) and (13.1241) ). It should be noted 
that during the process, the estimates obtained for H always play a key role, especially when 
controlling the coupled term V x [u x H). 

The rest of the paper is organized as follows. In section 2, we first collect some elementary 
inequalities and facts which will be need in the later analysis. In section 3, we devote to derive 
the necessary lower-order a priori estimates on the classical solution which is independent of 
time. The time-dependent estimates on the higher-norms of the solutions will be proved in 
Section 4, and then Theorem o is proved. 

2 Preliminaries 

In this section, we will recall some elementary inequality and results which will be used 
used frequently later. We begin with the following well-known Gagliardo-Nirenberg inequality 
(see [27]). 
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Lemma 2.1. For 2 < p < 6 , 1 < q < oo, and 3 < r < oo, there exists a generic constant 
C > 0, depending only on q and r, such that for f € H ] and g £ L q n D 1,r , we have 

\if\iL,<cmf\\v n y, (2.i) 

Il9l|i-<C|| 9 ||5^|| S ||J?*^. (2.2) 

Similar to the compressible Navier-Stokes equations (see, for example[13i .18])) one can 
easily derive the following elliptic equations from ( 11 . 11 ) : 


AG = div(pu) — divdi v(H (g> H ), gAw = V x (pu — di v(H (g> H )). (2-3) 

We now state some elementary L p -est,imates for the elliptic equations in (12.31) by the virtue of 

m- 

Lemma 2.2. Let ( p , u, H ) be a smooth solution to \1.1\) ~ 17751) on M 3 x (0, T}. Then there exists 
a generic C > 0, which may depend on p and such that for any p € [ 2 , 6 ], 


||VG|| lp + IIVwIIlp < G (IIHIlp + \\ H ■ Vi?|| LP ), 
l | G || L 6 + Mrfl < C (11 P'h 11+ ||H ■ VHWv ), 

||Vu || L 6 < C{\\pu \\ L 2 + || P || L 6 + II H • VH\\&), 

IIVu|| l4 < G||Vw||| a ||pu||l 2 + G||P||l a llpullf, + G||tf||| 4 ||ph||f 2 
+ G||Vu ||| 2 \\H ■ VH\\\ 2 +C\\P\\\ 2 \\H • Vff||f 2 
+ C\\H\\l 4 \\H ■ VH\\\ 2 + G||P|| L 4. 


(2.4) 

(2.5) 

( 2 . 6 ) 


(2.7) 


Proof. The proof of inequalities ()2.4l) - (j2.6[) can be found in Lemma 2.2 in [29| . Here we will 
prove (12.71) . It follows from direct computation that 


—A u = —Vdivu + Vxw, (2-8) 

then the standard L p -estimate for elliptic equation, together with (12.11) and (|2.4I) . leads to 


||Vu||l p < G(||divu||z, P + ||w||l p ) 


< G (j|G|| LP + ||P|| LP + ||| j H| 2 || lp + ||Vu||}/ (||pu||J p6 + ||if • V77|| J')) 


6 — p 3 p—6 6—p 3p—6 2(6 —p) 

< C\\Vu\\£ \\pu\\ L ? + C\\P\\£ \\pu\\ L ? +C\\H\\ L fr \\pu\ 

3 P -6 
| 2 P 

1 L 2 


6—p 3p—6 6—p 3p—6 

+ C\\Vu\\£ \\H • Vi7 L2 P +G||P|| l 2 2 p \\H ■ Vi7 i2 p 



2(6- P ) 3 P —6 

+ G||i7|| L4 2p \\H ■ VH\\ l ? +G||P|| lp . 


(2.9) 

4 in (|2.9p. one gets (12.711. 


□ 


To obtain the uniform (in time) upper bound of the density, we need the following Zlotnik 
inequality. 
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Lemma 2.3 (see[38]). Assume that the function y satisfies 


y'(t) = g{y)+ b'(t) on [ 0 , T\, y(0) = y°, ( 2 . 10 ) 

with g £ C (R) and y,b £ W 1,1 (0, T). If g(oo) = —oo and 

b(t 2 ) ~ b(t\) < No + N\(t 2 — t\), (2-H) 

for all 0 < t\ < t 2 < T with some No > 0 and N± > 0, then 

g(0<~Ni, for £>£. ( 2 . 12 ) 

3 Time-independent estimates 

In this section, we will derive the uniform time-independent estimates of the solution to 
(HD-dESD and the time-independent upper bound of the density. Assume that (p, u, H) is a 
smooth solution to (ll.lH - fjl.5D on R 3 x (0, T) for some positive time T > 0. Set a = a(t) = 
min{ 1 . f } and define the following functionals: 

AfiT)^ sup a [ (|Vu | 2 + |VLT| 2 ) 

0 <t<T JR 3 v / 

pT 

+ J G (\\P 2 u\\l2 + l|V 2 -ff)| 2 2 + ll^lli 2 ) > 

A 2 (T)± sup a 2 [ ( / 3 |n | 2 + |V 2 F | 2 + |LT i | 2 ) 
o <t<T Jr 3 v / 

+ ^V(||Vh||| 2 + ||Vi7 t || 2 2 ), 

MT) = sup \\H\\l 3 + [ T [ \H\\VH\ 2 , 

0 <t<T Jo J R 3 

A 4 (T)= sup cr3||Vu||| 2 , 

0 <t<T 

A 5 (T) = sup f p\u\ 3 . (3.1) 

o <t<T Jr a 

Throughout this section, for simplicity we denote by C or Ci (i = 1 , 2, ■ ■ ■) the generic positive 
constants which may depend on p, A, v, A, 7 , p, p , Co, Mi (i = 1,2) and UpoIIl 1 but indepen¬ 
dent of time T > 0 and 7 — 1 . Sometimes C(a) is also used to emphasize the dependent of a. 
we state the key proposition in the present paper as follows. 

Proposition 3.1. Assume that the initial data (po,uo,Ho) satisfy \1. 7| )- 11..9I) . Let ( p,u,H ) 
be a smooth solution to problem IQ) - /OD on R 3 x (0, T] satisfying 

' 0 < p(x,t) < 2 p, (x,t) € R 3 x [0, T], 

, A 1 (T) + A 2 (T)<2U 7 -l) 1 eEiy , A 3 (T)<2^(7-1)s4) 9 > (3 . 2) 

Afia(T)) + A 5 (a(T)) < 2 ((7 - 1 )®4) * , 
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then 


0 < p(x,t) < jp, (x,t) € ! 3 x [0, T], 

Ai(T) + A 2 (T) < f( 7 -l)® 4 N2 




1 IN 9 

k 7?2 


0 > 


provided that 


M<t(T)) + A 5 (a(T)) < (7-1 )*E { 


(7—1)6 Eq < £ = m i n • 


1 i\ 9 
' 2 


2Kq 


16 


>^5) 


Here 


£5 = min {e 4 , (QATg) \ l} , 

f 1 


£4 = mm < £ 3 , 


A| 4 ’ 


C(p)( 7 -l)*Kj 


s 3 = min {£ 1 , 62 , 4 ( 73 (p)) 27 ,l}, 

£2 = min|£i, (4 Ci) _ ¥ + (4C 2 )~ 2 '}, 


£1 = min < 1, ( 4C(M 2 4 + K \) 


- 9 ' 


Proof. Proposition 13.11 can be derived from Lemmas I3.lll3.10l below. 
Lemma 3.1. Under the same assumption as in Provosition 13.11 we have 


sup [ P<( 7 -1)Eo, 

0 <t<T J R3 

r [ ivui 2 < —. 

Jo J R 3 U 


(3.3) 


(3.4) 


(3.5) 

□ 

(3.6) 

(3.7) 


Proof. Multiplying (|l.l|b . (II.IIP and (II.IIP by u and H , respectively, and integrating the 
resulting equation over R 3 x (0, T], we have 


su p [ (—+ ^p\u\ 2 + ^\H\ 2 ) 

o<t<T Jrs \ j — 1 l l / 

+ [ [ (p\Vu\ 2 + (p + \)\divu\ 2 + v\VH\ 2 ) < E 0 , (3.8) 

Jo J R 3 

which gives (|3.6I) and (13.71) . □ 

Lemma 3.2. Under the same assumption as in Provosition \3.1[ it holds that 

1 0 

where K\ = ^1 + (7 — 1)th^ . 


J llVttlll 2 <CK 1 \( 7 -l) 1 eE 1 ^ 9 


(3.9) 
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Proof. 


j l|Vu || 4 12 < f IIVull 4 , + / <r||Va || t2 


r 

la(T) 


2 / -cr ( T ) 

/ 0 


_ 2 
(J 3 






< sup (<T3||Vu||| 2 ) 

0 <t<cr(T) V 7 

+ c( sup a||V«||| 2 ) T ||V 

K a(T)<t<T 7 J <r(T) 

<C ((7 -1)«4) 9 + ((7-l)S£, 

<C ((7-1)14) 9 +c((7 -1)^1) 6 ((7-1)*%y 

< C ((7 - 1 )*4) 9 + C (l + ( 7 - 1)^) f (7 - 1)^<P 


1 I\ 3 
« P2 1 £ 


1 I \ 9 
\ « 77 1 2 


here (7 — 1)®% — 1 an d (USD have been used. Lemma 13.21 is proved. 
Lemma 3.3. Under the same assumption as in Proposition 1 3. 11 it holds that 

sup (||iL|| 2 2 +a||ViL|| 2 2 ) 

0<i<T v 7 


and 


sup ||ViL || 7 2 + 

0 <t<T J 0 


where K 2 = e 2Kl . 


(3.10) 


□ 


+ [ T {\\X7H\\l 2 + <7||tf t ||£ 2 + cr\\X7 2 H\\ 2 L2 ) < CK 1(7 - l)s%* (3.11) 

Jo 


r T 

/ (]\H t \\ 2 L2 + \\V 2 H\\ 2 L2 )<CK 2 M 2 . (3.12) 

Jo 


Proof. Multiplying (0)3 by Hf, then integrating over M 3 , using (II.lib . Holder inequality and 
Cauchy inequality, we get 

I H ■ H t = f V x(uxH)-H - / V x (z/V x H) • H 

J r 3 Jr 3 Jr 3 

= I [(if • V)u - ( u ■ V)if - (di vu)H] - H+ [ Aif • if 

Jr 3 Jr 3 

< [ \u\\\7H\\H\-v [ |Vu| 2 

Jr 3 Jr 3 

<C\\u\\ L6 \\\7H\\ L 2\\H\\ L 3 - v [ \Vu\ 2 

Jr 3 

< 4VH\\ 2 l2 + C\\X7u\\i 2 \\H\\ 2 L2 - V f |V«| 2 , 

Jr 3 


(3.13) 
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which implies that 


\H\ 2 + [ v\VH\ 2 < C\\Vu\\\ 2 \\H\\l 2 . 

dt J R3 Jr3 


An application of Gronwall’s inequality leads to 

rT 


\H\\ 2 L 2 + / v\\VH\\ 2 l2 < CK 2 \\H 0 \\ 2 l2 < Ce Kl (7 — 1) ®-Eo • 
Jo 


Thanks to (11.1D ^ and Lemma 12.11 using integration by parts, we derive that 


d 

dt 


\VHr + 


I HA 2 + 


/ |V 

J R 3 

= f \H t — AH\ 2 
J R3 

= f I H -Vu-u-VH - Hdiyu\ 2 

J R3 

<C\\Vu\\U\VH \\ 2 l2 + ±\\V 2 H\\ 2 l2 , 


2 h I 2 


we consequently have 


d 


— ||V ^||| 2 + (||tf t ||£ a + ||V 2 if||£ 2 ) < C||Vu||i 2 ||ViL||| 2 . 


As before, Gronwall’s inequality leads to 

f T 
\l 2 


0 <t<T 

Multiplying (|3.17l) by a, one has 
d 


sup ||Vtf || 2 2 + [ (\\H t \\ 2 L 2 + ||V 2 L7||| 2 ) < Ce Kl M 2 . 

Jo 


d t 


(a\\VH\\ 2 L2 ) + a (\\H t \\ 2 L2 + ||V 2 iL|| 2 2 ) < Ca||Vu||^ 2 1|ViL || 2 2 + a'\\S7 H\\\ 2 . 


Again, using Gronwall’s inequality, we get 


sup (cr||ViL||| 2 ) + / a(||lL t || 2 2 + ||V 2 lL|| 2 2 ) 

0 <t<T Jo 


\VH\\ 2 L 2 


< Ce K ' J 

< Ce 2Kl ||7L 0 || 2 2 . 

Combining (13.151) , (13.181) and (13.201) , we finish the proof of Lemma 13.31 
Lemma 3.4. Under the same assumption as in Proposition 1 3. 11 it holds that 


sup \\H\\i 3 + 

0 <t<T 


H\5\VHW\ 2 l2 + II H" 3 


L* 


< ( (7- 1)^0 


provided (7 — l)e.E 0 2 < £\, where 

£1 = min j ^4C(M 2 4 + Ki^j , 11 . 


(3.14) 

(3.15) 


(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

□ 

(3.21) 

(3.22) 
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Proof. Multiplying (11.1IL by 3\H\H, using integration by parts as in [29], we have 


kb H ' 3+3 r 


\H\\X7H\ 2 + 3v / |iL||V|iL || 2 


< v 


[ \H\\\7H\ 2 + v [ \H\\\7\H\\ 2 + C\\Vu\\ 4 l2 \\H\\1 3 . 

J R 3 J R 3 


(3.23) 


Noticing that 

l|ff|li 9 < C|||^|l|| 2 6 < C|||Vtf||i^|| 2 2 , (3.24) 

WWtf < Cll^llillFlli < C\\H\\l 3 \\V\H\ 3 *\\l 2 , (3.25) 

substituting (|3.24p and (13.251) into (|3.23p . using Cauchy inequality, we thus deduce that 


^ W 

dt Jr3 


1 \ 9 


+ / \h\\vh\ < C I (7 — 1)*Eq ) ||Vuf L2 


(3.26) 


Integrating ([3.261) over [0,T], by the virtue of Sobolev embedding inequality, one can derived 
that 


1 \ 9 


sup ||iJ||£ 3 + [ T [ \H\\VH\ 

0 <t<T Jo Jr 3 

< C||tf 0 ||f 2 ||tf 0 |||i + CK\ ((7 - 1 )*E> 

3 

<CmI (( 7-1 ^Eiy+CK! f( 7 - 1)^0 
<C(m} +K 1 )(( 1 -l) 1 eEl 




< ( 7 - 1)6 E { 


b P2 


(3.27) 


provided 


(7 — 1)5 eI < min | Uc{Mf + K{)\ , 1 1 4 £l 


(3.28) 


Then estimate (13.271) . together with ([3.24D . yields (13.211) . This ends up the proof of Lemma 

□ 


(3.29) 


Lemma 3.5. Under the same assumption as in Lemma \3.4\ we have 

r(T) 


SUp \\p*u\\jj2 + 

0 <t<cr(T) JO 


/■°V ) r j 1 

/ / |Vu | 2 < (77^3(7 — 1)5^0 ) 

Jo Jr 3 

where = C{p) J + (7 — 1)5 + (7 — 1) J • 


11 
















Proof. Multiplying (1.2) by u and then integrating the resulting equality over R' 3 , and using 
integration by parts, we have 


[ PH 2 + [ (/r|Vtt | 2 + (A + /x)|divu| 2 ) 

2 dt J R3 Jr3 

l 2 )“' 


= / Pdivrt + 


(3.30) 


Integrating (13.30(1 over (0, <r(T)), one has 


1 


< 


1 


PCJyl j /* 

sup \\p^u\\ 2 L 2 + / (^|Vu | 2 + (/i + A)|di 

o <t<u{T) Jo Jr 3 v z 

MT) r 

Jo Jr 


r. / PoKI + / 

2 Jr 3 Jo 

<cM ,jn»+? r“ i iv 

0 Jo J R 3 


Pdivn + 

cn 


(iJ • ViJ - -V|iJ| 2 )u 


JT) 


«r+ c 


p2 + 


r(T) 


I o Jr 3 


<C(( 7 -1 )^o) § + t 


rff(T) 


f lkllL 6 ||^llL 3 l|Vi/||i 2 
Jo 

a(T) 


r ) 

/ |V «| 2 + C(p)( 7 -l)£o+ / H^lliallV^llladt 
Jr 3 Jo 


< 


2 U /• Cr ( T ) /' „ / 1 I\27 +1 

C (( 7 - 1)£ 0 ) 5 + £ j j |Vn| 2 + C(p)( 7 - l)£o + <? f( 7 - l)^j . (3.31) 


It thus holds that 


■ sup \\p 2 u \\ 2 L 2 + 
o <t<a(T) 


r*(T) 


'o Jr 3 ' 2 


^ |Vn | 2 + (/r + A)|divn | 2 


< C ((7 - l)^o ) 3 + C(p )( 7 - 1)E 0 + C ( (7 - 1 )®£ 0 2 

<CK 3 (7-1)^4- 


i\ 27 
2 


+ 1 


(3.32) 


Here we have used the condition (7 — 1)6JJ 0 2 < 1. We finish the proof of Lemma 13.51 □ 

Lemma 3.6. Under the same assumption as in Proposition I S. 11 it holds that 

r(T) 


j 1 > r 

(T) < CK 4(7 - 1 )*E* +C I / jVu | 2 

JO JR 3 

+ C f a I |Vu | 3 + C 7 / a [ P|Vu | 5 
Jo Jr 3 Jo Jr 3 


(3.33) 


and 


provided that 


A2(T)<CK 5 \h-l)*E*j +C 7 J R3 a2 \ PVl 

+ C [ T [ <7 2 |Vti| 4 + C7Ai(T), 

JO JR 3 

(7 - 1)5E| < e 2 = minjei, (4 Ci) _ ¥ + ( 4 C 2 ) _27 } ’ 


(3.34) 


(3.35) 
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where K 4 and K§ are given by 

K 4 = K\M 2 + Kl + K 2 K U 
K 5 = Ki + Klin - 1)1 + iv|M 2 . 

Proof. The basic idea of the proof of this lemma is due to Hoff [12] , Huang-Li-Xin |T 8 ] 
Zhang [29] and Hou-Peng-Zhu m • Multiplying (|1.1IP by au, and integrating over 
has 


ap\u\ 2 = — / aii-VP + p / a Au ■ u 


+ (p, + A) [ Vdivu-(jti+ f (h-X7H -V|P| 2 J • au 

J R 3 Jr 3 V 2 / 


i— 1 

Moreover, using integration by parts, we have 

£‘ 1=1 au ■ VP 

Jr 3 

= / crdiv^P + / crdiv(tt • Vu)P 


_d 

dt 

d_ 

dt 


/ crdfvuP — / c/Pdfra — / <rdiviiP t + / <rdiv(tt • \7u)P 

Jr 3 Jr 3 Jr 3 

adivuP — a' / Pdfvu + (7 — l)cr / P|divn | 2 + / crP|Vti| 2 , 


£2 = j paAu ■ ii 

Jr 3 

=—p / crVtt ■ Vt7 + p / (jA« ■ (tx • Vti) 

Jr3 7r3 

--(9 l f |Vw| 2 + 2/xcr f 

V 2 7 /1 2 J R 3 J K a 


|Vu| S 


and 


£3 = (p + A)cxVdivu • h 
Jr 3 

< -^—77—-77 I cr|divu | 2 + —c/ f |divtt | 2 + 2 {p + \)a [ |Vu| 3 . 
2 dr j R 3 2 y R 3 j R 3 

It remains to estimate £ 4 . In fact, 

£4 = I (H-VH- -V|P | 2 ) • (au t + au ■ Vu) 

Jr 3 \ 2 J 

= -7- f \H-\/H-\v\H\ 2 ) ■ au- ( (H -VP - ^V|P | 2 ) • au 
di Jr 3 \ 2 / J R 3 \ 2 / 1 


(3.36) 

(3.37) 

, Li-Xu- 
M 3 , one 


(3.38) 


(3.39) 


(3.40) 


(3.41) 
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• (u • Vu) 


-f (h -VH ~lv\H\ 2 ) ■a'u+ [ o(h-VH-\ v\H\ 2 ) 

J R3 V 2 J Jr 3 \ 1 J 

4/ r3 ■ VH — ^V\H\ 2 ^j ■ au + C'cr||i7|| i 6||i?t]| i 2||Vu||x3 

+ CT / ||Vn|| L2 ||if||i 4 + Ca||^|| L6 ||VF|| L6 ||n|| L6 ||V U || L2 

/ K3 (Vvtf-iv|P| 2 ) ■<™ + C'a||Vtf||£ a + a||^||| 2 +a||Vrz|| 3 3 

+ Ca'\\Vu\\ 2 L2 + Ca'\\VH\\ 2 L2 \\H \\ 2 l3 + Ca\\\7 2 H \\ 2 l2 + a||Vu||l 2 \\VH ||| 2 . (3.42) 

Substituting (|3.39l) - (|3.42l) into ()3.38|) . we have 

s{ L (t" l|v “ fe + ^ ff||di ™»h) 

+ o f di vuP- [ [H-VH ~l\7\H\ 2 ) -(ju}+ [ op\u\ 2 
Jr 3 Jr 3 V 2 / J J R 3 

< tJJJ— f |Vu| 2 + 2/jct f |Vu| 3 + t— o' f |divri| 2 + 2(/r + A)cr f |Vn| 3 

2 Jr 3 Jr s 2 J K 3 Jr 3 

+ C<t||V ^||| 2 +a\\H t \\ 2 L2 + C 7||V«|| 3 3 -a' [ Pdivu + jaf P\Vu\ 2 

Jr 3 Jr 3 

+ Ca'\\Vu\\l 2 + Ca'\\VH\\ 2 L2 \\H \\ 2 l3 + Co\\ V 2 P||| 2 + <t||Vu || 4 l2 || VP|| 2 2 . (3.43) 


Integrate (|3.43l) over (0,T), we have 

sup (^(t\\Vu \\ 2 L 2 + ^-^(r||divu||| (2 > ) + f a\\p^u\\ 2 L2 
0 <t<T \ * 1 J Jo 



< a I \H -VH- 

i 3 V 

ra(T) 


Jv| hA-u + cT f \Vu\ 2 + C(4p + x + l) [ of |Vw| 3 

2 / Jo Jr 3 Jo Jr 3 

/ |Pdivu|+ 7 [ T cr [ P|Vn| 2 + ^ o\\ Vtf||® 2 + / T a||i/ t ||£ 2 
JR 3 JO JR 3 Jo Jo 

/•cr(T) /-T rT 

+ \\X7H\\ 2 L2 \\H\\l 3 +C( 7 -l)E 0 + a\\W 2 H\\ 2 L2 + a||VP||| 2 ||V«||| 2 

Jo Jo Jo 


< e/i(7||Vn|| 2 2 + ^-o\\H\\l 4 + C ’ [ \Vu\ 2 + C T o f |Vr 

A 4 JO JR 3 JO JR 3 


r*(T) 


+ Cl £ a £ P\Vu\ 2 + C(p,e)( 7 - 1)2* + CK\M 2 £ - 1)®^ 


i i\ 1+ ^ 


+ CK 2 ( 7 - 1)6 El + P 2 (7 - 1 )®El + K 2 K\ (7 - 1)6 E* 


i i\ 1+ t 


(3.44) 


which leads to 


sup 
o <t<T 


^-cr||Vn|| 2 2 + 


/i + A 


f 


a||divu|| L2 + / o\\ P 2u\\ L2 dt 
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(3.45) 


j i r°( T ) r r T r 

<CK^-l)eE^ + C / \Vu\ 2 + C a |Vw| 3 

Jo Jr 3 Jo Jr 3 

+ C 7 [ a [ P\Vu\ 2 . 

Jo Jr 3 

Then, by the virtue of (13.111) . we get (13.331) . 

Next, operating dt + div(rt-) to the both sides of the Jth equation of (ll.lD o. yields that 

{pu^t + di v(puu :> ) — pA u 3 — (p + A)<9jdivh 

= pdi(—diU ■ Vu- 7 + divudiui) — p&\v(diudiV?) — (p + A )dj [ diU ■ Vu* — |divu| 2 ] 

— di v(dju(p + A)divu) + (7 — l)dj(Pdivu) + di v(Pdju) 

+ [{H • VW) t + di v(uH • VW)] - i [{dj\H\ 2 ) t + dw(udj\H\ 2 )} . (3.46) 

Multiplying (I3.46P by a m iP for m > 0, and integrating by parts over R 3 , we obtain after 
summing them with respect to j that 

7 - 7 - / a m p\u\ 2 + p ( (T m \Vu \' + (p + A) [ < 7 m |divu | 2 
4 dr Jr3 Jr3 Jr3 

= —cr m - 1 a' f p\ii\ 2 + p [ (T m diu\diU ■ Vu 1 — divudjU- 7 ) 

2 Jr 3 Jr 3 

+ p f o m d^u 3 d % u k d t u 3 + f G m djvj Up + A )diU ■ Vu* — ^|divu| 2 ] 

Jrs Jr 3 


+ (p + X) / a m d k u j d jU k divu- / a m d k u j d j u k P 


I 

Jr: 


+ 


( 7 - 1) [ G’"d i u i <) l ,u k P - \ [ a m ui [(£>,■ |tf| 2 )t + div(udj\H\ 2 )] 
Jr 3 2 Jrs 

I a m u j [(H ■ \7H j ) t + di y(uH ■ VH j )] 

Jr 3 

\ r 

<j m | divu | 


171 —1 ' f M f „miv7„M2 , + A f 2 


<T^"V/ pH a + $/ cr m |Vtt | 2 + 

Z ./HP3 Z ./TO3 Z 


+ Cp [ a m \Vu\ 4 + C(p +X) (l + -') f cr m |Vu| 4 + C7 2 f a m \P\7uf 
Jr 3 V Hj Jr 3 Jrs 

+ C' 1 a">||i/|| 2 ,||V# ( || 2 s +CV" (||V«|lt a + ||Vif||h) ||V 2 ff|| 2 , 

p|«p + H r a-IVil 2 + ^±4 [ <Hdivi| 2 

z ./TO3 z ./TCP3 z ./TO3 


+ Cp [ a m \Vu \ 4 + C7 2 [ a m \PVu \ 2 + Ci<T m f (7 - 1)^|) ” l|Vi^ t ||| 2 
Jr 3 Jr3 V / 

+ (||Vu||| 2 + ||ViJ|| 4 2 ) ||V 2 JJ|| 2 2 , (3.47) 

which implies that 

_ 2 _ 

5s X, < ’ mp| “ |2+ X, trm|v “ |2 ■ ci<t ” O 7 - i:}t,E ») 27 ||vff,|| i s 
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(3.48) 


<Ca m "V / p\u\ 2 + Cp <7 m |Vu| 4 + C 7 2 / a m \PVu\ 2 


+ Ca m (||Vu|| 4 2 + ||V.ff|| 4 2 ) ||V 2 tf||| 2 . 

Similar to [29], noting that 

H tt - vAH t = {H -Wu-u-VH - Hdivu) t , 
and using the identity ut = u — u ■ Vn, we obtain by direct computation that 

1 ^ f .mi tt 1 2 . [ m |\7 u 1 2 m _m—1 _/ f | tt |2 

4 at J K 3 J R 3 2 7 r3 

= / a m (i^ • Vu - U • V^t - Fidivu) • fl* 

Jr 3 

+ [ a m (H -Vu-u-VH - Hdivu) ■ H t 

Jr 3 

- [ a m [H ■ V(u • Vu) - (u • Vu) • Vtf - f/'div(u • V«)] • H t 

Jr 3 

Z— 1 

It follows from Cauchy inequality, Sobolev inequality and (13.21) that 

< eua rn \\VH t \\l 2 +Ca m \\H t \\l4Vu\\j j2 , 

< C\\H\\ L3 a™(\\Vu\\ 2 L2 + \\WH t \\l 2 ) 

J_ 

1 \ 27 


< ^2 (^(7 - 1)^0 5 J ^ m (l|Vn||| 2 + ||V^||| 2 ), 

=^3 < Ca m ||V U || i2 ||Vu|| L6 ||Vif|| L2 ||VIf f || L2 . 
Thanks to (12.61) . (13.61) and Sobolev inequality, we deduce that 


(3.49) 


(3.50) 


(3.51) 


l|Vu|| L 6 < C'dlp^Hz, 2 + II#IIl 6 + II# • V#IIl 2 ) 

< C(p) (||pk|| i2 + ||^|| i 3||V 2 i/|| L2 ) +C{p)(n- 1)^1- (3.52) 

Combining (13.511) and (13.52[) . we get 

^ < ^u m ||VI?t|| 2 2 + Ccr m (||Vu||| 2 + ||Vtf||£ a ) Hollis HV 2 F||i 2 
+ C'a m ||Vu|| 2 2 ||pU|| 2 2 ||ViI'|| 2 2 +C'a m ||Vu|| 2 2 ||Vi/|| 2 2 (7- 1)5E|. 

Consequently, substituting (13.51l) - (13.53ji into (13.501) yields that 

T + l a m \H t \ 2 +[ a-|V^| 2 -C 2 ^f( 7 -l)^4V^I|V< 2 + ||V^||| 2 

dt Jr 3 Jr 3 \ J 

<^C7(7 m -V f \H t \ 2 + C'iT m ||V u|| 2 2 ||p5t(||| 2 1|Vi?||^ 2 

2 .7r3 

+ Cu m (||Vu|| 4 2 + ||v#m 2 ) (||tf Hisliv 2 #Iii 2 + ||^ t || 2 2 ) 

16 


(3.53) 












+ Ca m \\S7u\\l 2 \\VH\\l 2 ( 1 -l)sEl 


(3.54) 


Thus, taking m = 2 in (13.481) and (13.541) . and integrating the resulting equation over (0, T), 
we deduce that 


,.T 

sup a 2 ( \\p^u\\ 2 L 2 + IliZtllia) + / CT 2 (l|Vh||^2 + \\VHtWl2) 

<t<T v ' JO 

(7-l)®4 j+cy/ [ er 2 |PVti| 2 

J Jo Jr 3 


0 <t<T 

<CA 5 


+ C / a 2 |Vrz| 4 + Cb4i(T), 
jo it 3 


provided that 


(7 - l)e A 0 2 < e 2 = min |ei, (4Ci) ? + (4C 2 ) 27 | 


where we have used the following inequalities: 

rT 

2 iit— 7 n2 11 - *i 

" ■' lL2|| v J3|| L 2 

rT 


1 

>2U| 


[ ^l|Vn||i 2 ||^ 

Jo 

< sup (cr 2 ||pU||| 2 ) f (||Vu||| 2 + ||Vif|||>) 

0<t<T v ' J 0 


11 

1 \ 18 


< CK X ^(7 - 1)* Eg j + C K:j Ah ^(7 - 1)« A, 

/ T u 2 ||Vu||| 2 ||VF||| 2 (7-l)l4 
Jo 

<C sup (a||Vn||i 2 )( 7 -l)^4 [ ||VA|| 

0 <t<T Jo 


1 I \ 2 
- 12 


0 


2 

L 2 


1 \ 2 


<CA- 2 (7-1)6^ (7 -1)3 A, 


<CKl{ 7-1)72 ( 7 -1)6 A, 


l\ 2 

'^0 


/ T u 2 (||Vn||| 2 + ||VA||| 2 ) (||A|| 2 3 ||V 2 A||^ 2 + ||^||| 2 ) 
Jo 


<C sup ( CT^ || V H \\ L 2 
0 <t<T 


sup 11 H || L 3 

0 <t<T 


2 r T 
3 \ 3 / 


l|Vu|| 4 2 


0 <t<T 


+ sup [(J 2 \\H t \\ 2 L 2 


)r™ 


4 

L 2 


37 

1 I \ 54 


< CAT! (7 - 1)6 A 0 2 + CA 4 M 2 (7 - 1)6 A, 


1 \ 2 


11 

I\ 18 
I? 2 


< C{K X + K*M 2 ) (7 - l)a A, 


Here, to obtained (|3.57|) - (|3.59j) . (|3.1II) and (I3.12|) have been used. 
Furthermore, it holds from (ll.ip 2 that 


(3.55) 


(3.56) 


(3.57) 


(3.58) 


(3.59) 


AH = H t - {H ■ Vu - u ■ VH - di vuH), 


(3.60) 
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then standard L p estimate for elliptic equation gives 


||V 2 tf || L 2 < C (\\H t \\ L 2 + || H -Vu-u-VH - divuH\\ L 2 ) 


< C \\H t \\ L 2 + ||Vi/||^2 || V ||^2 ||Vxi||x,2 


(3.61) 


By (13.11) and (I3.55p . we have 
sup (ct 2 ||V 2 1L||| 2 ) 


0 <t<T 


<C sup a^\\VH\\l4Vu\\ 4 L 2 + \\H t \\ 2 L2 ) 

0 <t<T 

<C sup u 2 (||Vtf|| 2 2 ||Vu||£ 2 )+C sup a 2 (||ViL|| 2 2 ||Vu|| 4 2 ) 

0 <t<a{T) <y(T)<t<T 

+ C sup (T 2 \\H t \\ 2 L 2 
0 <t<T 

<C sup f(cr||Vl?||| 2 )((T3||Vu||| 2 ') \ +C sup ((a\\VH\\ 2 L2 )(a\\Vu \\ 2 L 2 
0 <t<a(T) V V J J cr(T)<t<T \ V ' V 


+ CK 5 ( 7 -!)«£, 


n_ 

l I \ 18 


+ 


<ck 5 


+ C 7 2 [ [ <t 2 |PVu| 5 

Jo Jr 3 

c[ [ cr 2 |Vu| 4 + CA\{T) 

Jo Jr 3 

ii T 

( 7 -l^IV'+CV / [ a 2 \P\/u \ 2 

) Jo Jr 3 


+ C [ [ <t 2 |Vu| 4 + CA\(T). 

Jo Jr 3 


(3.62) 


Due to (13.111) . (13.551) and (|3.62l) . we finally get (13.341) . And Lemma 13.61 is proved. □ 

The following lemma will play a crucial role in the proof of the upper bound of the density. 
Lemma 3.7. Under the same assumption as in Proposition \S. 11 it holds that 


sup 

0<t<a{T) 


a(T) 


2 L 2 + ||divu|| 2 2 ) + / / pH 2 < Kq 

/ ./n . 1 1B>3 


/ 1 o \ /' <J ( T ) 

sup t(\\p 2 u \\ 2 L 2 + \\H t \\ 2 L 2 ) + t 

o <t<a(T) v ' Jo 


+ HV^Ilia 


<K 7 , 


(3.63) 

(3.64) 


and 


sup [|Vu||| 2 + / / p|h| 2 <C'(iL 6 + l), 

o <t<T Jo Jr 3 

sup a(\\p^u \\ 2 L 2 + ll^llia) + / <r(||Vu||£ 2 + ||Vtf t ||| 2 ) < C(K 7 + 1), 
0 <t<T v ' Jo v ' 


(3.65) 


(3.66) 


provided that 


( 7 -l)6£ 0 2 < e 3 4 min {ei, £2,46*3(p)) 27 ,l}, 


(3.67) 
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where 

Kq = C(p)(K 2 M 2 + X 3 + K'i + m\m\ + 1) + C7(p)( 7 - 1)1 + <7X3(7 - 1)5 

+ CK 2 M 2 { 7 - 1)5 + <7X3(7 - 1)5 + (7 - 1)5 + <7(x 3 + 1)( 7 - 1 ), (3.68) 

X7 = 2max{X 7 ,X 2 }, (3.69) 

X 3 = CKq + <7x| + Ck\k 2 M 2 + <7X| (7 - 1)5 + <7(x| + X|M 2 2 ) 

+ < 7(7 - l) 5 (xj + X|X 2 M 2 + Xf (7 - 1)5)3, 

Xf = <7X 2 M 2 + <7X|x| + CX|m| + <7(x| + <7X|m|)X| + CKqK'I (7-1)5. (3.70) 

Proof. Multiplying (JTTTJ) 2 by ut, we have 


/°H 2 + ^(^|Vrt| 2 + (^ + A)|divu| 2 ^ — ^Pdivu + ^X • VX — ^V|X| 2 ^ • 

= - (h ■ VX - I'V|X| 2 ^ • u - P t d\vu + pu ■ Vu ■ u. (3.71) 

Integrating (13.7111 over M 3 , one has 


f ( p\\7u\ 2 + (p + \)\divu\ 2 — Pdivu — (H ■ VH —-\7\H\ 2 ')} ■ u + f p\u\ 
2 dt V V 2 / / J R 3 

= f pu-(u-Vu)— f (h ■ VX — - V|X| 2N ) • u — [ Ptdlvu 

Jr 3 jrs ' 2 /t 7 r3 


< < 7 (/ 9 )||p 2 h|| L 2 ||/ 93 u|| L 3 ||Vu || L 6 + / divudiv(Piz) + (7 - 1) / P|divu| 


+ ||X|| i 3||X t || L2 ||V«|| i 6 

< <7(p) 11/9^11^2||p5tx|| L 3 (||pk|| L 2 + ||X|| L 6 + ||X • VX|| l2 ) - J PuVdivu 
+ C(p)( 7 - 1)||Vu|| 2 2 + ||X|| L 3||X f || L 2 (||pU|| L 2 + ||X|| L6 + ||X • VX|| L2 ) 

<cmpHl*4wn+cmpH\ L Awm\nv 

+ C(p)||pk|U 2 A|(a(T))||X|| L 3 ||V 2 X|| i 2 --^- [ PU-VG+ \ [ divuP 2 

2/i + A .y R 3 2(2/i + A) 7 E 3 

- 9 , 9 1 , n / Pn-V|X| 2 + C(p)(7-l)||Vu||i 2 +C(p)||X|| L 3||X t || i 2||pU|| L 2 
2(2/i + A) J R 3 

+ C||X|| L 3||X i || L 2||X|| L6 +C||X|| 2 3 ||X t || L 2||V 2 X|| i 2 

< + c(p)|| P U||i 2 4(^)) + c(p)4(^(r))||P|li6 

+ C{p)Al(a(T))\\H\\l 3 \\W 2 H\\l 2 + C\\P\\ L3 \\Vu \\ L 2 (||p3u|| £ 2 + 11X^3||V 2 X|| i2 ) 

+ C'||P||i 4 ||Vu ||| 2 + (7||P || 2 4 + C'(p)||V , u|| 2 2 ||X ||| 3 + (7(p)||VX || 2 2 + C(p )(7 - l)||V«||i a 

2 2 
/ 1 l\ 27 / 1 l \ 27 

+ C(p) (ft - 1)*E* J ||X t ||i 2 + <7||P || 2 6 + <7 f (7 - 1)^ J l|V 2 X || 2 2 
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< + C 3 m\p^u\\l,Al(a(T)) + C(p)A\(a(T))( 1 - 1)^1 

2_ 

1 \ 27 


+ C(p)A* ( a(T )) ^( 7 - 1)^1 j ||V 2 ^||| 2 + 6(7 - 1)^1 ||Vn ||| 2 

2 

+ 6 (7 - 1)^| f(7 - 1)^1) " IIVull^ + 6(7 - 1)N f (7 - 1)^| ) ||V 2 77 ||£ 2 


_ 2 _ 

1 \ 27 


+ 6(7 - 1 )^ 0 2 IIV«||i 2 + ( 7 - 1 ) 5 ^ 0 2 + C(P) (ft - l)^o 2 ) IIV«||i 2 
+ C(p)\\S7H \\ 2 L 2 + C{p ){7 - l)||Vu ||| 2 + ( 7 - 1)^4 


_ 2 _ 
1 \ 27 


_ 2 _ 
1 \ 27 


+ 6 - 1 ( 7 - 1 )^| ) ||^f L 2 + 6 (p)(( 7 -l)t J B ( f ) ||V 2 F||i 2 . 


(3.72) 


Integrating (|3.72p over (0, a(T)), we get 

1 MT) 

livw||2 2 + 

0 <t<a{T) 


a o 1 /' <t ( T ) f 

- sup ||Vn||| 2 + - / / p|4 

z 0 <t<a(T) * JO J R 3 


< 6(pM|(a(T))(7-l)3^ +C(p)A|(a(T)) ( ( 7 -l)^ 0 2 
2 /-<r(T) 


i M T ) 



0 I , \\V H \\h 

0 


2 2 /-ct(T) 2 2 / i l\ 27 /' cr ( T ) 

+ 6(7 - 1 ) 36 | J ||Vu||£ a + 6(7 - 1)361 ^7 - l)^j jf ||Vn ||| 2 
+ 6(7-l)3E 0 M( 7 -l)6 J B ( fJ J ||v 2 i7|| 2 2 + (7-l)^o 5 J q \\^\\h 
+ (7 - l)^o 2 + ^((5) ( (7 - 1 )^ 0 2 ) / l|Vu ||£ 2 


v o 

t(T) 


0 

(T) 


ra{l ) p<7(l ) 1 

+ 6 (p) / ||Vi7 ||| 2 + 6 (p )( 7 - 1) / ||Vn || 2 2 + (7 - 1)^1 

2o 2o 


1 i\ 27 MT) „ / 1 l\ 27 r a ( T ) 

+ 6 ( (7 — l)e^o J y o ll^ll! 2 +6(p)(^(7-l)^|J J o l|V 2 i7||l 2 


+ J (/ 4 Vtx | 2 + (/i + A) |divu | 2 - Pdivu - (if • Vif - ^V|i7| 2 )) 


t=o 


< C (p)(K 2 M 2 + K 3 + 77 2 + A7 2 4 A7 ] 2 + 1) + 6 (p )( 7 — 1 ) 9 + 67 ^ 3(7 — 1 ) 9 
+ CK 2 M 2 (7 - 1)5 + 6TT 3 (7 - 1)3 + (7 - l)s + 6 (iv 3 + 1 )( 7 - 1), 

j 1 

provided (7 — 1 )e £ 0 2 < min{(46 3 ( / o))^ 27 ,1}, then we get (13.6311 . 

Taking m = 1 in (13.4811 . one has 

IA f _|,V,2 , f _,™,2 ~ ^ 

2 dt 


(3.73) 


ap\u\ z + / cr|Vu | 2 - 61 a (7 - 1)6 E* ||Vi/*llj,. 
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< Co' 


/ f p\ii\ 2 + Cp[ cr|Vn | 4 + C 7 2 f o\P\7i 
J R3 .7r3 J R3 

+ Ca(||V^||l 2 + ||V^||i 2 )||V 2 ^||l 2 . 

Integrating (I3.74p over (0, <t(T)), we get 


(3.74) 


< 


r r /•++> ( , i\ 

/ op\u\ 2 + / / er| Vu | 2 — C\ o ( 7 -l)s^ ||VA t ||£ 2 

7r3 jo jr 3 jo V / 

/.o-(T) /. /•o'C r ) /• rer(T) 

C / p\u\ 2 + Cp / <r|Vn | 4 + C 7 2 

JO J R 3 JO JR 3 Jo 


2_ 

1 \ 27 




f a (T) 

+ C / ( r(||Vn||i 2 + ||Vi7||| 2 )||V 2 J F7||i 2 

JO 

< CK 6 + Ck\ + (7X| K 2 M 2 + CA7 (7 - 1) 5 + C 

+ c 


sup 

0 <t<a{T) 


+ ( sup ||Vtf||£ 2 Y 

V 0 <t<cr{T) J 


r(T) 


r(T) 



a(T) 


f o 2 \X7u\ 4 
J R3 


o\\V 2 H\\ 2 l2 


< CK 6 + CA 6 2 + CKl K 2 M 2 + CA 6 2 ( 7 - 1 ) 3 + C(Ki + K%M 2 ) 

+ C{ 7 - 1)5 (. kI + hjK 2 M 2 + k\ (7 - 1) 5)a 

A K l 
— n 7- 

1 I 

where we have used the condition (7 — 1 ) 6 A Q 2 < 1 and the following estimate 
,+T) 


ra(l ) r 

/ / ^|Vt 

Jo J R 3 


r(T) 


< sup 


0<t<er(T) 

1 Mr) 


||Vu || L 2 [° a||Vu ||£ 6 

JO 


<Ci ^ 6 2 


/o 


a l\\p*i\\b + \\P\\ifi + \\H-VH\\b 


< CK£ ( sup o 2 \\p 2 u\\ 2 L2 

' 0<t<er(T) 


, ct ( T ) , 1,1 
2 A 1 WpiuWb+CKSb-l^E* 
0 


+ CK. 


1 r a ( T ) 

? / u||A||| 3 ||V 2 i7 ||| 2 

Jo 


< CKl (. A 2 (T))*K 6 + CKl (7 - 1)' 2 El 

ra(T) 


+ CK![ sup (j 2 ||V 2 i7 || 2 2 ' 2 

v 0 <t<er(T) 



l|V 2 i7||i 2 


< CKl(A 2 (T)) 2 K 6 + CKl (7 - 1)2 A 0 2 + CK!{A 2 {T))-~K 2 M 2 

< CKl + Ck\k 2 M 2 + CKl ( 7 - 1 ) 3 . 


(3.75) 


(3.76) 
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Similarly, Taking m = 1 in (13.541) . we get 


°\ H t\ 2 +[ <7|V^| 2 - C 2 0 ((7 - 1)^1) 27 (llVullla + HVfltllia) 

d£ Jr 3 JR 3 V / 

< %o> [ \H t \ 2 + Ca\\Vu\\l4ph\\l4VH\\l 2 
4 Jr3 

+ Co (IIv«m a + 11 Vij111.) (ll^llla ||V 2 ^||| 2 + ll^lliO 

+ Ca||V«||l 2 ||Vfr||l 2 (7-l)s4 (3.77) 


r f a (T) r r a (T) r / 1 l\ 27 

/ o\H t \ 2 + / / cr|Vi7f| 2 — C 2 / / a (7-1)6^ (||Vn||| 2 + ||V^||| 2 ) 

Jr 3 Jo Jr 3 Jo Jr 3 V / 

/■cr(T) /• /'O-('T) 

<C / |iJt| 2 + c/ <r||Vu||£ 2 Uphill. ||ViJ||| 2 

Jo Jr 3 Jo 

r (T) 

+ C o (HVrxIll. + ||V77|| 4 l2 ) (||7J||£ 3 || V 2 7J||£ 2 + ||^ t ||| 2 ) 

Jo 

r<T) 1 

+ C / a||Vu||| 2 ||V77||l 2 ( 7 -l)3i7| 

Jo 

<CK 2 M 2 + c( sup ||Vrt||l 2 )( sup o\\\ 7H\\ 2 l2 ) f \\p^u \\ 2 L 2 

V 0 <t<a(T) 7 V 0 <t<a(T) 7 J0 


_ 2 _ 

+ C (( 7 -1)^1) 27 ( sup ||Vu||| 2 V f"'a||V 2 J7 ||| 2 


' 0 <t<cr(T) 


r(T) 


+ c( sup ||VJY||| 2 ) ( sup <r||Vff||£ 2 ) r (T) ||V : 

v 0 <t<cr(T) 7 v 0 <t<a(T) 7 J0 


i7| 


0<t<a(T) 


2 

L 2 


, \ 2 /■cr(T’) 

+ C sup ||Vu||£ 2 + sup ||Vi7||| 2 ) / a||7J t ||£ 2 

v 0<t<cr(T) 0<i<o-(T) 7 Jo 

+ c( sup <r||Vi/||£ 2 ) ( sup ||Vm||! 2 )(7-1)5£3 

v 0 <t<a(T) 7 V 0<t<cr(T) 7 

< C!K 2 M 2 + CKqK 2 + CK%M% + C(Kq + CK%m2)K% + CK 6 K f (7 - 1)1 


^i7 2 . 


Combining (I3.75P and (13.781) . we deduce 


0<t<a(T) 

provided that 


sup^ t(||pM|£ 2 + ||ff t ||£ 2 ) + ^ (T) *(||Vu||£ a + ||Vfl- t ||l a ) < K 7 , 


(7 - 1) e £( 0 2 < min |e 2 , (4Ci) ? + (4C 2 ) 27 , l| , 


(3.78) 

(3.79) 

(3.80) 
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where K 7 = 2 max{A 7 , A'|}. And this leads to (13.641) . By (13.21) . (13.631) and (13.641) . we can get 
(13.651) and (|3.66l) . Then we finish the proof of Lemma 13.71 □ 


Lemma 3.8. Under the same assumption as in Proposition [Ol we get that 

A 4 (a(T)) + A 5 (o(T)) < (( 7 - 1 )^|) ” , 

provided that 


(3.81) 


(7- l)«^o < £ 4 = min i £3, ^54) j^C'(p)( 7 - l)siL 6 

Proof. It follows from (13.21) and (|3.64|) that 

A 4 (a(T)) = sup ct3||Vu||| 2 

0 <t<cr(T) 


1 3 \ 8 

5 ZV2 


< l sup a 
■ 0 <t<a(T) 


1 

2 )4 


sup 

0<t<cr(T) 


— Kq ( (7 — 1) ®-Eg 


< (7-1)6^, 


1 IN 9 

B P2 


0 > 


1 


3 

2 \ 4 


(3.82) 


(3.83) 


provided (7 - l)e £ 0 2 < min |e 3 , 1 j. 

Now, to end up the proof of Lemma 13.81 it remains to estimate A§(a(T)). Due to (I3.64|) . 
we deduce that 


A 5 (v(T)) = sup / p\u\ 3 

0<t<cr(T) J R3 

< sup (llpll^llullia) 

0 <t<a(T) 

<<7(p)( 7 - 

<C'(p)iL 6 l ( 7 - 1)5(7 -1)^4 

< ((7 -1)®4) 9 > (3-84) 

provided that 

(7 ^ 1)^4 < min | (c(p )( 7 - 44) 

□ 



Lemma 3.9. Under the same assumption as in Provosition \d.ll we get that 

A 1 (T)+A 2 (T)<(( 7 -l) 1 eEiy, 


(3.86) 
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provided 

(7 - 1)^4 < ^5 = min {e 4 , ( C 4 K 9 )~\ l} , (3.87) 

where 

K 9 = (K 4 + K 5 ) + K 3 + hj ( 7 - 1 ) 12^24 + {J k\K 8 (7 - 1 ) 12^24 

+ ^kIkI+k 8 , 

I<1 = C{kI + 1 ){K 7 + 1)( 7 - 1)1 + C{K 7 + 1)( 7 - 1)5 + Ck}m}(kI + 1 ) 

9 3 5 3 7 3 

+ CK} M 3 ( 7 - 1 ) 5 + CKl M 3 {K 7 + 1 )(7 - 1)5 + CK% M|, 

*! = C'(/9)( 7 - 1)5 + CKJ mI + Kg 1 . (3.88) 

Proof. From (13.331) and (13.341) . we have 


1]_ 

1 1 \ 18 


ra(T) r 

/ / |Vu|- 

JO JR 3 


A!(r) + A 2 (T) 

< C(K 4 + K 5 ) ^(7 - l)5£7(f J +C 

+ C 7 [ (7 [ P\Vu\ 2 + C 7 2 f [ a 2 \P\/u\ 2 + C 
Jo Jr 3 Jo jr 3 

_i_i 5 

< c(k 4 +k 5 ) (( 7 -1)^|) 18 +^ 


+ C a |Vu| ; 

JO JR 3 


a 2 \Vu\ 

0 Jr 3 


i= 1 


An application of (|2.71) gives 


^ = C 


'0 JR 3 
rT 


cr 2 \X7u\ 4 


(3.89) 


< 


C[ a 2 \\Vu\\ L2 \\pu\\l 2 +C [ a 2 \\P\\ L 4pu\\l 2 + C [ a 2 \\H\\\ 2 ||Vi7||f 2 ||ph ||| 2 

JO JO JO 


+ C a 2 \\Wu\\ L 2\\H\\ 6 L3 \\V 2 H\\ i L 2 + C / aiP|| L 2 117711^31|V^||i 2 

JO JO 

+ C / T a 2 ||77||l 2 ||V77||| 2 ||77||| 3 ||V 2 77||| 2 +C / T <7 2 ||P||1 4 

JO JO 

7 


= E 

Thanks to (11.9|) . (13.21) . (13.61) . (13.651) and (|3.66[) . we have 


J \< c { p )[ sup ||V«|| L 2 ( sup CT \\p*u \\ L 2 

• 0 <t<T J v 0 <t<T 


i rT 

2II i 112 \2 


^llp|lr3| lT7 ‘--" 2 


■WVUWI* 


(3.90) 


< C(p)(Kg + 1 ) ( (7 - 1)®4 ) 4 (7 - 1 ) § 4 (K 7 + 1 ) 


< C(p)(K* + 1)(K 7 + 1)( 7 - 1)24^ 
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< C(p)(Ki + 1 )(K 7 + 1)(7 - 1)S ((7 - 1)M) 2 • (3-91) 

Similarly, we deduce 

h<C f a 2 \\P\\ L A\pu\\l2 
Jo 

<c( sup <t 2 ||^«||| (2 ) 2 ( sup ||P|| i2 ) f a\\p\\ 2 3 \\Vu \\ 2 L 2 

' 0<t<T J ' 0<t<T 'Jo 

29 

<C(p)(K 7 + 1)( 7 -1)h£7 0 m 

< C(p)(^7 + 1)(7 - 1)® ((7 - 1)®4) 2 • (3-92) 

It follows from (11.91) . (13.21) . (13.111) . (13.121) and (I3.65I) - (I3.66I) that 

Js<C [ T a^H\\l\\\/H\\l 2 \\pu\\l 2 
Jo 

<CK%( sup a 2 \\p^u\\ 2 L2 y ( sup \\H\\ 2 l2 Y [ cr\\pu\\ 2 L2 
v 0 <t<T ' v 0 <t<T ' Jo 

< CKl ((7 -1)®4) 2 £°M 2 l s II v ^IIl2 

<Ck\ ((7-1)^1) 2 (7-1)^1 

< CkI(K 7 +1)^-1)*Ef* 

3 

< CKl (K 7 + 1)(7 - l)i ((7 - 1)^1) 2 > (3-93) 


Moreover, J 4 to Jq can be estimated, in a similar way, as follows: 

J,<C £ a 2 \\Vu\\ L 2 \\H\\ 3 L3 \\V 2 H\\l 2 
Jo 

<C{ sup a 2 \\X7 2 H\\lX 2 ( sup \\H ||f 2 ||Vif1|| 2 ) ( sup ||Vu||| 2 V f a\\V 2 H \\\ 2 
v 0 <t<T 7 v 0 <t<T 7 v 0<t<T 7 Jo 

3 

< Ck\m\{k\ + 1 ) ((7 - 1 )^ 1 ) 2 , ( 3 - 94 ) 

J 5 <C £ a 2 \\P\\ L 2 \\H\\l4V 2 Hf L2 
Jo 

<C( sup u 2 ||V 2 if|| 2 2 W sup ||tf||f 2 ||Vi/||f 2 )( sup ||P|| l2 ) f o\\V 2 H \\ 2 l2 
K 0<t<T 7 v 0 <t<T 7 v 0 <t<T 7 Jo 

3 

< Ck \ m \{7 - 1)^1 ((7 - 1 )®4) 2 
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(3.95) 


<CAtM|( 7 -l)3(( 7 - 1 ) 6 ^| 


and 


Je < C [ T a^H\\l4VH\\l 2 \\H\\ls\\\/ 2 Hf L2 

Jo 

1 13 

<c( sup <x 2 ||V 2 P||| 2 W sup \\H\\l 3 )( sup \\H\\l 2 \\VH\\l 2 ) / cx||V 2 P || 2 2 

' 0<t<T ' v 0 <t<T ' ' 0<t<T ' Jo 

<CK\m\ f( 7 -l)^4V- (3-96) 


In order to obtain desired estimate on ^ 5 , it suffices to estimate J 7 . One can deduce from 
( 11 . 11 ) 1 that 


Pt + u- VP + 7 Pdivti = 0. 


(3.97) 


In terms of the effective viscous flux G, we can rewrite (13.971) as 


Pt + u • VP + 


7 


2(jl + A 


PG + 


7 


2(2/z + A) 


P|P| 2 + 


2// + A 


P 2 = 0. 


(3.98) 


Multiplying (I3.98|) by 3 o~P~ and integrating the resulting equality over M 3 x [0, T], we obtain 


'll* 


c l A\p\\ 

Jo 

<C sup (<7 2 ||P||| 3 ) + C f T aa'\\Pf L3 + C fa 2 [ 
0 <t<T Jo Jo J R 

+ C [ a 2 [ P 3 \H \ 2 

Jo Jr 3 

<C(p)( 7 -l)P 0 + 6 f T a 2 \\P\\l 4 + C [ T a 2 \\G\\ 

Jo Jo 


4 

L 4 


+ 


rr 2 l! Wll 8 


p 3 g 


(3.99) 


To handle the terms on the right hand side of (|3.99l) . we have by (|2.2D . (13.1 1 D - (13.12D and (13.211) 
that 


r^mls 

Jo 


<C a 2 ||i7|| L oc||p-||^ 6 ||p-|| 3 9 


< 


C / T a 2 ||VP||| 2 ||V 2 P||| 2 ||P|| 
Jo 


3 


<C( sup cj 2 ||V 2 P|| 2 2 V 


0 <t<T 
15 3 


< CKJ M 2 4 ( 7 - 1)6 Eg 


1 i A 8 9 
2 


sup cr||VPi | r2 

0 <t<T 
13 1 1 


3 

2 1 2 


sup II VPP II r 2 

0 <t<T 


3 r T 
2 \ 4 


/ 

•VO 


H\\h 


(3.100) 
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Furthermore, we have also 


C f T v 2 \\G\\U 
J o 

<C / T a 2 ||G|| L 2 ||G ||| 6 
Jo 

<C I' 1 a 2 ((2 p + A)||Vu|| L 2 + ||P|| i2 ) (||pu||| 2 + ||H ■ VA||| 2 ) 

Jo 

+ C [ T u 2 ||i 7 ||f 2 ||VA||f 2 (||pu||| 2 + II H ■ VA||| 2 ) 

Jo 

<C [ T a 2 \\Vu\\ L2 \\pu\\ 3 L2 +C f a 2 \\P\\ L 4pu\\l 2 
Jo Jo 

+ C [ T o- 2 \\Vu\\ L 4H\\ 3 L3 \\V 2 Hf L2 + C / T a 2 ||P|| L 2 ||^||| 3 ||V 2 ^||i 2 
Jo Jo 

+ C [ T a 2 \\H\\l 2 \\VH\\l 2 \\pu\\ 3 L2 + C 
Jo Jo 

<c( sup ||Vu||^ 2 W sup u 2 ||pu||^ 2 V f ct\\pu\\ 2 L 2 
' 0 <t<T J ' 0 <t<T J Jo 

+ c( sup II-PIIip) C sup cr 2 ||pu ||^ 2 ) 2 [ cr||pu|| 2 2 
' 0 <t<T ' ' 0 <t<T ' Jo 

+ C( sup ||Vu||| 2 ) l ( sup ||-ff ||| 2 II Vi/||| 2 ) ( sup u 2 ||V 2 i?|| 2 2 ) ^ [ T a\\V 2 H\\ 2 L2 

+ c( sup ||P|| L2 )( sup ||A||f 2 ||VA||f 2 )( sup a 2 ||V 2 tf||| 2 V [ T a\\V 2 Hf L2 
' 0 <t<T ' v 0 <t<T ' v 0 <t<T ' Jo 

+ c( sup \\H\\ 2 L2 ) li ( sup ||Vtf||i 2 ) ! ( sup a 2 \\plu\\hY f a\\pu\\ 2 L2 
' 0 <t<T J ' 0 <t<T ' ' 0 <t<T ' Jo 

+ c( sup ||A|| 2 2 W sup ||VA|| 2 2 ) ! ( sup ||tf||f 2 ||Vtf||f 2 ) 


I rT 

sup 0 - 2 ||V 2 if||^ 2 '' 

0 <t<T ' JO 



(7 


\\v 2 h\\ 2 l2 


< C{K* + 1 )(K 7 + 1) ( ( 7 - 4 (7 - 1 )M 


1 \ 4 


+ < 7 (^+ 1 ) (7-1) 8^1 (7 — 1)6-Eg 




9 3 1 


1 \ 2 


+ CJi 2 4 Af 2 4 (A 7 +l) (7-1)6^ +CA|M 2 4 ( 7 - 1 )^o 2 ( 7 - 1 )^o 2 


1 \ 2 
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+ CiqhQ ( K 7 + 1) ( (7 - 2 ( 7 - 1)§4 


+ CK*M* (7-l )^ 0 2 


<^((7-l)M 


1 \ 2 


(3.101) 


provided (7 — l)s A 0 2 — 1 > where 

Kl = C{k\ + 1 )(K 7 + 1 )( 7 - 1)S + C(K 7 + 1 )( 7 - 1)5 + CK*M*(K* + 1) 


4 

) 9 

5 3 


7 3 

r 2 


+ CAT 2 4 M 2 4 (7 - 1 ) 3 + CA7 M 2 4 (if 7 + 1) (7 - 1) 5 + CK 2 2 M 2 2 

,_ ,_ ,_ 1 I 

Substituting (13.100P and (13.1011) into (I3.99[) . assuming ((7 — 1 ) 6 ^ 7 ^ < i ) we have 

J 7 = C f o- 2 \\p\\q 
Jo 


< 


C(p)q-1)E 0 + C [ T a 2 \\G\\i 4 + [ T a 2 \\H\\ 8 LS 

Jo Jo 


<K 2 ((7-1)5^ 

where 

K 2 = C(p)( 7 - 1)5 + cxf m| + Kl 
Combining ()3.90|) - (|3.96f) and (13.1031) . we consequently get that 


3h = C 



0 Jr 3 


a 2 \Vu\ 4 < K 8 ( ( 7 -I)5A , 2 2 


where 


K 8 = C(p)(Kq + 1 ){K 7 + 1)( 7 - 1)5 + C(p)(K r + 1)(7 - 1)® 
+ ck\ (k 7 +1)( 7 - 1)5 + ck\m\ ( k\ + 1) 

+ cK~mq (7 -1)3 + ck$m* + iff. 

It holds from (I3.29|) that 

rfy(T) r 1 1 

&i = C \ / |Vu | 2 < CK 3 ( 7 - 1)3 El 

Jo Jr 3 

To estimate 75% , due to Holder inequality, (13.71) . (11.91) and (I3.105p . we deduce 


^ 2 = C 


[ T a f |Vu| E 

Jo Jr 3 


(3.102) 


(3.103) 


(3.104) 


(3.105) 


(3.106) 


(3.107) 
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a 2 \Vu\ 


< CKl (7 - 1) 12X24 |^( 7 _ 1) 6 

As for 7%, by Holder inequality, ([3.1031) and (13. 1051) . we get 


1 \ 12 


54 = C'7 2 / f (T 2 |PVu| 

Jo J R 3 

r T 


< c 


a 


0 



a 2 ||Vu||£ 4 


Now it remains to estimate J'-j. It follows from (13.71) . (13.1031) and ([3. 1051) that 

r T 


3k = 


C7 [ a [ P\Vu\ 5 
Jo J 9 3 


<C[ j^a 2 \\P\\C 4 



a 2 \\Vuf Li 



a 


! ||Vn||| 2 


< CEl PK 2 K 8 (7 - l) 5 ^i 


1 1 \ 4 

—' 2 


7 

1 \ 12 


< C y KgKsi'y - I)®*® ^(7 - l)e E > 

Finally, we deduce from (13.1051) . (13. 1071) - (13. 1101) that 

24!(T) + A 2 (T) < C(K 4 + K b ) ((7 - 1 )*E*\ + CK^ - 1 )%E* 

I if 1 l\ T3 

+ CKg (7 - 1 ) 12x24 ( (7-1)6 E£ 


11 

1 I \ 18 


+ C\J I <1 A" 8 (7 — 1 ) 12x24 (7 — 1 )&E { 


7 

l\ 12 
■>2 


3 

1 \ 2 


+ Ci/K 2 Ki ( (7-l)«A| ) + AT 8 ( (7 — 1) sTF, 


3 

I \ 2 
■>2 


11 

, 1 I\ 18 

<CK 9 ( 7 - 1 )^o 2 


< ((7-i)^i V. 


provided that 


(7— l)*Eg <mm{(CK 9 )- 9 ,l}. 


(3.108) 


(3.109) 


(3.110) 


(3.111) 


(3.112) 
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where Kg is given by 


Kg = {K a + K 5 ) + K 3 + Kj ( 7 - 1)12724 + GKlKsi'y - 1 ) w* 


+ V K l K l + K 8 


(3.113) 


And to get (13.1111) . we have used the facts that (7 — 1)6 Eq < 1. Then we finish the proof of 
Lemma 13.91 □ 

Now we are ready to prove the upper bound of the density. 

Lemma 3.10. Under the same assumption as in Provosition 13.11 it holds that 


sup | 
0 <t<T 


provided that 


(7 - l ) eE o < min { e 5 , 


I L°° < ~^P, 


16 


(3.114) 


2 KgJ ’ 4C(p)(l + AT|) 


where 


k 10 = a/ 6 + k\ m\ + iq Aq + k\ mJ k) . 


(3.115) 


(3.116) 


Proof. Let = dt + u ■ V denote the material derivative operator. Then, in terms of the 
effective viscous flux G, we can rewrite (1.1) as 


DtP = g(p) + b'(p), 


where 


S(P) = 


A PP ■ 1 


-» W) = 


2/i -|- A 2 fi A J q 

Moreover, it follows from Lemmas |2.1H2.2[ (|2.4|) and (|2.5[) that 


* ' pG + \p\H? 


(3.117) 


72 trll 4 
I L 2 


l|V«|, i2 T || v ±± || i2 | 


+ l|ViL||r 2 ||V 2 77| 


IIGb- <C\\G\\l e \\VG\\l e 

<C [\\pu\\l 2 + \\WH\\\ 2 \\V z H 

<C\\pu\\l 2 || S7ii\\l 2 + C\\pu\\l 2 1| VH\\\ 2 || W 2 H\\\ 2 
+ C\\Vql 2 \\VH\\l 2 \\V 2 H\\l 2 +C\\VH\\ L 2\\\/ 2 H\\ L 2. 
For t € [O.cj(T)], one can deduce that for all 0 < t\ < t2 < cr(T), 

ra(T) 

\b(t 2 )- b(h)\ <C (||G||l» + llifllioo) 

Jo 

y(T) j ! r<r(T) 


L 2 


(3.118) 


< 


C / lIHlEallVulHa +C7 

Jo Jo 


\VH\\ L 2\\V z H\\ L 2 
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+ 


r^iT) ii 3 r a (T) 131 

/ || /0 n||l 2 ||V//||l 2 ||V 2 if||| 2 + / \\Vu\\l 2 \\\7H\\l 2 \\V 2 H\\l 

Jo Jo 


4 

L 2 


< c 


r(T) 


3 


\ 4 / r (T) 



t\\Vu\\h 


+ C 


r(T) 


l|VF||| 2 



r(T) 


( 


+ I sup t 2 \\pu\\ 2 L2 
Vo <t<a(T) 



( 


+ C[ sup ||Vi7|| 2 2 
VO <t<a(T) 



< CKf 


r *(T) 


||V 2 F||| 2 


sup ||Vff||£ a 

o <t<a(T) 


sup t 2 \\V 2 H\\ 2 L2 

o <t<a(T) 


8 ru(T) 



t~i\\S7 2 H\\l 2 


+CK*Mj[b-i)iE* 

+ CK*M* ((7 


8 rAR , i 

u\\Vu\\l 2 ) t 2 


1 -V 2 




t 5 


t 3 


< CKj ( sup 

0 <t<a(T) 


+ (( 7 -l)s£7|V +CkImI f( 7 -l 


3 3 1/ i 1 \ 16 

+ CKjM*Kf ( 7 - 1 )^| 


< C ^ 16 


rf r(T) 




|2 

II 2 


16 / /*o'C r ) 



_9_ 

16 


+CKIMI (7- l)s^o 3 


1 I\ 2 

\ fi TT. 2 


331/ i 1\I6 

+ CX|M| I (7 - 1 )S£ 7 *) + CK*M*K.f (7 - 1)^1 


< CK^A^aiT))^ + CK£M* I (7 - l)vE§ )* + CK%M% ( (7 - l)^ 2 


3 3 1 


+ CK£ Ky I (7 — l)®^ 2 


1 I \ 16 

TT' 2 
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< C ( K 7 16 + M 2 + K% M 2 2 + K IM 2 8 K 4 ) ( 7 - 1)6 £ 


1 

A / 1 i\l 6 

^ iL 10 ( (7 - l)e^o 


(3.119) 


where (I3.12|) . (|3.64p . (13.861) and (13.1181) have been used. Therefore, for t £ [0, er(T)], we can 
choose Nq and N\ in Lemma 2.3 as follows 


/ 1 l\ 16 

N\ = 0, N 0 = K 10 l ( 7 -l)6L; 0 2 j , (3.120) 

and ( = 0. Then 

9(0 = < -Ni = 0 for all C > C = 0. (3.121) 

2p + A 

We thus have 


/ 1 l\ 16 3p 

sup \\p\\l°° < max{p, 0} + N 0 < p + K w (7 - l)sE£) < —, (3.122) 

0 <t<a(T) V / 2 


provided 


(7-l)«^o < m™ I ( 2 ^ 9 ) ’ £ 5 j- (3.123) 

Furthermore, due to Lemmas 12.1112.21 for t £ [a(T),T], we can derive 
\b(t 2 )-b(h)\<C f* {\\G\\ L ~ + \\H\\ 2 Loo ) 

Jti 

(t2~h) + C(p) [ T WGWU+cf 1 |ViL|| L 2 ||V 2 fL || L 2 

2p + A J a(T) Ja(T) 

s ~ « + +c {£, ’ (C » v2 "» h ) ’ 

+ C(p)f T \\pu\\UVu\\h + C [ T || /3 u||| 2 ||V^|| L 2||V 2 ^||| 2 
Ja(T) Ja(T) 

+ C f \\Vu\\ 2 L2 \\VH\\l 2 \\V 2 H\\ L 2 + C [ T ||ViL|| 2 2 ||V 2 Lf || 2 2 
Ja(T) Ja{T) 

< (t 2 - h) + c(p)KU 7 -1)^1 + c-(p)24 2 (r) [ T ||Vu|| 2 2 

2p + A Jo-(T) 

3 3 3 1 r T 

+ CA 2 {T)-2A l {T)-2+A 1 (T)-2A 2 (T)-2 / ||Vu ||| 2 + CAi(T) 2 

Ja(T) 

< - *i) + ^(p)( 7 - 1)^4 + C(p)K 2 A 2 (T) 2 
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+ CA 2 (T)iA l {T)i + CA^Tf 

< - h) + C(p)( 1 + ^)(7 - 1)*4- (3.124) 

Consequently, for t £ [a(T),T], we can choose IVo and IVi in Lemma 2.3 as follows 

N i = N 0 = C(p)( 1 + Kl){ 7 - 1)^|. (3.125) 

Noticing that 

5(0 = < ~Ni = for all C > 1, (3.126) 

2/r + A 2p + A 

one can set £ = 1. Thus 

sup \\ p \\ l °° < max{|p, 1} + N 0 < + C(p)(l + ^f)(7 ~ l)®#o < -?> (3.127) 

<r(T)<t<T Z £ 4 

provided 

( 7 -l)i E |<min{ g5 , 4C( _ )( ^ + g|) }. (3.128) 

□ 


4 Proof of Theorem 11.11 

In this section, we devote to prove the main result of this paper. First, from now on 
we always assume that the conditions in Theorem 11.11 hold. Moreover, we denote the generic 
constant by C which may depends on T, p, A, n, 7 , p , p, Mi,M 2 , g and some other initial data. 
Here g G L 2 is the function in the compatibility condition (11.81) . The following higher-order a 
priori estimates of the smooth solutions which are needed to guarantee the classical solutions 
(p, u, H) to be global ones have been proved in [29], so we omit their proof here. 

Lemma 4.1. The following estimates hold: 

sup (||ViL ||| 2 + ||Vn||| 2 ) 


+ r< 

(wp'mih + \\Ht\\b + iiv 2 ^ii| 2 ) < c(t), 

(4.1) 

sup ( \\p 2 u \\ 2 L 2 + \\V 2 H \\ 2 L 2 + \\HtW\ 2 ) 

0 <t<T 


Tic 

(llVullia + ||VMi||£ 2 ) < C(T), 

(4.2) 

sup (|Vp | L 2 ni e + Vu l^i) + [ |Vu 1,00 < C(T), 

(4.3) 

0 <t<T 

Jo 


sup {\\p?Ut\ 

\h)+ f I|Vui||| 2 <C(T), 

(4.4) 

0 <t<T 

Jo 

rT 


sup (HVpIUi + ||VP|| H i) + / l|V 2 u||^ < C(T), 

0 <t<T JO 

(4.5) 


33 









(4.6) 


SU P (liftII h 1 + II-^IIh 1 ) + f (\\pttf L 2 + \\PttWl 2 ) < C(T), 

0 <t<T Jo 

sup a(\\Vu\\ 2 H2 + ||Vui ||| 2 + ||V ^||| 2 + \\VH\\ 2 h2 ) 

0 <t<T 

r T 

+ j v^uttWh + HVutl&i + \\H tt \\ 2 L .) < C(T), (4.7) 

sup (||Vp||^i ,9 + ||VP||y(/i,?) 

0 <t<T 

+ £ (||VutHft + ||V 2 u||^ 1i9 ) < C(T), (4.8) 

for fixed q € (3, 6), where 1 < po < € (1,2). 


sup a(\\p 2 utt\\L 2 + l|V 2 ^t||L 2 + II^'^IIvk 1 ’'? + ||V 2 i 7||^2 + \\V~Ht \\ L 2 + ||77tt|lL 2 ) 

0 <t<T 

+ £ v 2 (\\Vu tt \\ 2 L2 + IIViMiO < C{T). (4.9) 

Thanks to all the a priori estimates established above, we now are ready to prove Theorem 
11.11 In fact, this can be done in a method the same as that in |29], we omit it here for simplicity. 
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